Introduction
Using a new method, involving integration, it is possible to find the exact roots of simple functions. In this case the criteria that define a simple function are that the function have an inverse i.e, a one-to-one function, and that the inverse have an antiderivative. The function must also be smooth, meaning it is infinitely differentiable, having derivatives of all finite orders on a given interval.
Deriving the Equation
To derive the equation that will be used, we first start with some arbitrary function of x, f (See Figure 1) .
Using these values, with the root labeled α, then some arbitrary distance further up the x-axis α + h, and of course their corresponding y values f (α) and f (α + h), we will describe the graph and what we will need from it to formulate our equation. It is important to notice that the area beneath the fucntion from α to α + h, and the area to the left of the function from f (α) to f (α + h) sum to equal a rectangle of area (α + h)f (α + h). This can convieniently be written so:
where (α + h)f (α + h) is the area of the whole rectangle, and each integral represents the individual areas that sum to equal the whole, respectively. Then evaluate each integral in this equation:
where
The final form of this simple but accurate equation, while taking the limit lim h→0 , looks like this: (Note that F −1 has been changed to G.)
It is important to understand that we must take the limit lim h→0 so that we can solve for α.
Now that we have this nifty equation, let's play dumb and find the root of the function f (x) = ln(x), remembering constantly that our function evaluated at α equals zero (i.e. f (α) = 0).
Naturally, a number of terms cancel. Also, the term ln(α) goes to 0, and the term e ln(α) goes to 1. Beauty ensues.
Finally,
It is important to notice in this example that the limit lim h→0 is not necessary and the h can be taken care of by simple algebra. This is true of many examples, however, there exists examples where the limit lim h→0 must take place for the equation to work.
What This Means
If one follows the criteria mentioned above, it is possible to find the exact roots of many functions. This is accomplished by recognizing the rectangular nature, on any scale, of the summation of both the areas adjacent to the function. To reiterate, the function must be smooth on the given interval, and must have an inverse that also must have an antiderivative. This now makes it possible to find the roots of certain functions, which before was only thought possible through the use of numerical and iterative methods.
